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AN APPROXIMATE SOLUTION FOR THE FREE VIBRATIONS OF 
ROTATING UNIFORM CANTILEVER BEAMS 
David A. Peters  
Ames Research Center 
and 
U.S. Army A i r  Mobility Research and Development Laboratory 
Moffett Field,  Cal i forn ia  94035 
Approximate so lu t ions  a r e  obtained f o r  t he  uncoupled frequencies and 
modes of ro t a t ing  uniform cant i lever  beams. The frequency approximations 
f o r  f l a p  bending, lead-lag bending, and to r s ion  a r e  simple expressions having 
e r ro r s  of l e s s  than a few percent over t h e  e n t i r e  frequency range. These 
expressions provide a simple way of determining the  r e l a t i ons  between mass 
and s t i f f n e s s  parameters and the  r e su l t an t  frequencies and mode shapes of  
ro t a t ing  uniform beams. 
INTRODUCTION 
Many t heo re t i ca l  analyses of hingeless ro to r s  a r e  performed f o r  the  idea l  
case of uniform untwisted r o t o r  blades. These analyses need t o  be performed 
over a wide range of blade s t i f f n e s s  parameters requir ing ca lcu la t ion  of a 
broad spectrum of ro t a t ing  blade natural  modes and frequencies. In such 
theore t ica l  invest igat ions,  t he  inves t iga tor  often needs t o  t r a n s l a t e  some 
desired s e t  of na tura l  frequencies i n t o  blade proper t ies  and na tura l  mode 
shapes which correspond t o  those frequencies. Then the  r e s u l t s  can be com- 
pared with other  theor ies  a s  well as experiments. There is, therefore,  a 
p rac t i ca l  requirement f o r  a simple and accurate means of r e l a t i ng  the  f r e -  
quencies and modes t o  t he  mass and s t i f f n e s s  cha rac t e r i s t i c s  of ro t a t ing  uni- 
form beams, 
The usual methods f o r  ca lcu la t ing  frequencies and modes of ro t a t ing  beams, 
however, a r e  not well su i t ed  t o  t he  pa r t i cu l a r  computations required i n  t h i s  
type of analysis .  F i r s t ,  t r ad i t i ona l  energy and f i n i t e  element methods y i e ld  
poor convergence i n  t he  p rac t i ca l  range of flapping frequen-ies (and i n  t he  
lower extremes of lead-lag and tors ion  frequencies).  Thus, a moderate number 
of assumed modes (or f i n i t e  elements) must be used. As pointed out i n  Reference 
1, t h i s  poor convergence necess i ta tes  an involved numerical solut ion f o r  the  
frequencies and modes, which must be repeated f o r  each separate  blade configura- 
t ion.  Second, because the  so lu t ions  a r e  numerical, a t r i a l  and e r r o r  process 
is required t o  determine the  blade proper t ies  which w i l l  r e s u l t  i n  a desired 
s e t  o f  na tura l  frequencies,  
The purpose of t h i s  report  i s  t o  provide s implif ied expressions fo r  t he  
frequencies and modes of ro t a t ing  uniform beams. It w i l l  be shown t h a t  these 
expresisons a re  accurate through the  o n t i r e  blade s t i f f n e s s  range yet elementary 
enough t o  overcome the  disadvantages of purely numerical solut ions.  
Equations of Motion 
The uncoupled equations ("uncoupled" implies: zero tw i s t ,  coincident mass 
center  and e l a s t i c  axis ,  beam p a r a l l e l  t o  plane of ro t a t ion ,  and warp included 
on l r  i n  calculat ion of J) f o r  t he  f r e e  v ibra t ions  of ro ta t ing  uniform beams 
a r e  
(lead-lag) ( lb)  
( tors ion)  ( l c )  
where u and v a r e  the  flapping and lead-lag displacements nondimensionalized 
on the blade radius R ,  r is the dis tance along the beam divided by R,  u i s  
the  natural  frequency of the  v ibra t ion  divided by the  ro t a t iona l  frequency 
Q, and Q and y a r e  s t i f f n e s s  parameters. 
Thc f i r s t  term in  each l i n e  of Eq.  (1) represents  the e l a s t i c  s t i f f n e s s  of the 
blade in  bending o r  to rs ion .  The w 2  term i n  each equation represents  the 
i n e r t i a l  force due t o  the harmonic motion. These t e n s  dominate f o r  large 
values of n and y .  The remaining terms a r e  due t o  the  cent r i fuga l  tension, 
and they dominate (with w2)  f o r  small values of ri and y .  The boundary condi- 
t ions  corresponding t o  a  can t i l eve r  beam a re  
The r = 0 conditions a r e  geometric boundary conditions which specify tha t  the 
displacement (and s lope in  bending) must vanish a t  t he  root .  The r = 1 con- 
d i t ions  a r e  na tura l  boundary conditions which specify t h a t  the shears and 
moments vanish a t  the  t i p .  Eq. (1) and Eq. (2 )  together  form the  uncoupled 
ro ta t ing  beam equations. 
Solution by Orthogonal Expansion 
Eq. (1) is of ten solved using an expansion i n  orthogonal functions which 
s a t i s f y  the  geometric boundary conditions. With appl icat ion of an energy 
method (e.g. Galerkin o r  Rayleigh-Ritz), such expansions transform the  cbarac- 
t e r i s t i c  d i f f e r e n t i a l  equation i n t o  an a lgebra ic  eigenvalue determinant." 
When the  known, exact nonrotating mode shapes 4, a r e  chosen as  the orthogonal 
functions,  t h i s  determinant takes on the  pa r t i cu l a r ly  simple form 
where w N~ a r e  t he  nonrotating frequencies and ( 2  ) 
1 '  A . .  = lo (iOj (1 - r2)dr, '  = u2 + 1 (lead-lag) 
13 I w2 - 1 (torsion)  
In pract ice,  [Dl is t rancated a t  a spec i f ied  number of  rows and columns. I t s  
eigenvalues An and eigenvectors a i -  then give approximations f o r  t he  ro t a t ing  
frequencies 4, Eq. (4), and f o r  $he ro t a t ing  mode shapes. 
In  Table I, formulas a r e  given f o r  t he  nonrotating modes + , nonrotating 
frequencies qR, and the  Galerkin in t eg ra l s  A i j  The formulas ?or nonrotating 
frequencies a r e  spec i f i ca l ly  
dNR = 03 (flap, lead-lag) 
w2 = n2(2n - 112 NR 4 Y ( tors ion)  
Whenever convenient, therefore,  t he  s t i f f n e s s  parameters Q and y may be 
expressed so le ly  i n  terms of nonrotating frequencies and universal  constants.  
Numerical Limitations 
In Fig. 1, the  value of t he  lowest frequency of t he  eigenvalue determi- 
nant is presented f o r  various modal t runcat ions of t he  f lapping equation. l 
As WNR decreases, t he  number of orthogonal functions N must be increased i n  
order t o  r e t a i n  a spec i f ied  accuracy. In  f a c t ,  when q j ~  = 0, no value of N 
w i l l  r e s u l t  i n  the  known exact va191e of t h e  f i r s t  frequency, w = 1.0. This 
f a i l u r e  a t  %R = 0 can be explained i n  mathematical terms. When n = 0, 
Eq. ( l a )  i s  reduced from a fourth order  equation t o  a s ingular  second order  
equation, relaxing a l l  but one of t he  boundary conditions of Eq. (2a). Thus, 
t h e  orthogonal functions chosen t o  s a t i s f y  the  boundary conditions of  the  
fourth order equation a r e  not appl icable  t o  the second order  case. From a 
physical standpoint,  the q = 0 modes (which have nonzero slopes a t  r = 0) 
cannot be formed from a l i nea r  combination of nonrotating cant i lever  beam 
modes (which have iden t i ca l ly  zero slope a t  the root ) .  
Although t h i s  f a i l u r e  of t he  eigenvalue determinant a t  w R = 0 does not 
s t r i c t l y  hold i n  the  range of p rac t i ca l  f l a p  frequencies (0.08 < uNR < o.SO), 
such values of UNR a r e  c lose  enough t o  zero t o  c r ea t e  convergence d i f f i c u l t i e s  
i n  the  eigenvalue determinant. Fig. 1 reveals  t h a t  ten o r  more orthogonal func- 
t ions  may be required f o r  s a t i s f ac to ry  r e su l t s .  Thus, involved numerical ca l -  
culat ions a r e  required i n  order t o  find u,. Furthermore, the number of orthog- 
onal functions required i n  t h i s  procedure is  a l so  an unknown which must be 
determined by i t e r a t i o n .  These same drawbacks a l s o  apply t o  t he  lead-lag and 
tors ion  equations (although t o  a much l e s s e r  degree). I t  is the  purpose of 
t h i s  paper t o  provide simple expressions f o r  w ,  v a l id  a t  a l l  values of UNR, SO 
t h a t  t he  above drawbacks can be overcome. The flapping equation w i l l  be con- 
s idered first ,  with the  lead-lag so lu t ion  following d i r e c t l y  by replacing 
u ~ W p  with w2LEM-WG (see Eq. (1)) ;  and then the  tors ion  equation w i l l  be 
considered. 
SMALL STIFFNESS EXPANSlQN FOR BENDING 
The first s t ep  toward developing simple frequency expressions is  the  
determination of the  asymptotic behavior of w2(flapping) a s  UNR ( i .e .  0) 
approaches zero, A s imi l a r  phenomenon, the  asymptotic behavior of a s t a t -  
i c a l l y  loaded beam under tension a s  E I  approaches zero, is a c l a s s i c  problem 
i n  the theory of matched asymptotic  expansion^,^ That so lu t ion  ind ica tes  
t h a t  a s  E I  approaches zero the  beam takes on the  shape of a loaded s t r i n g  
(EI = 0, nonzero s lope near t he  supports) except i n  a small region adjacent 
t o  the  supports where the  boundary condition (zero slope) is f u l f i l l e d .  
Since the  ro t a t ing  beam flapping equation is s imi l a r  i n  character  t o  t h i s  
c l a s s i c  example, a matched asymptotic expansion promises t o  provide the  
desired small q so lu t ion .  
Outer Expansion 
General solut ion.  A dimensional analysis  of Eq. (1) ind ica tes  t h a t  the  
bas ic  length dimension (divi  ed by R) of t h e  flapping equation is  q 1 l 2 .  Thus, 
192 an expansion i n  powers of 0 is  a log ica l  s t a r t i n g  point  f o r  t h e  analysis .  
Expanding u and w2 i n  q1I2, 
subs t i t u t ing  i n t o  Eq. ( l a ) ,  and co l lec t ing  l i k e  powers of 0 yie lds  the  follow- 
ing equations fo r  the  flapping behavior away from the  boundaries. 
Eq. (6) is simply the  well-known Legendre equation with a nonzero right-hand 
s ide.  I t s  so lu t ion  can be expressed a s  i n t eg ra l s  of the  Legendre funct ions,  
pv5 . 
The constants CIS CP, and v of Eq. (7) must be determined from the  bound- 
ary conditions of t h e  problem. The condition u f i n i t e  on the  in t e rva l  
0 < r < 1 requires:  (1) t h a t  v be an in t ege r  t i n  which case t h e  Pv reduce 
t o  Legendre polynomials), and (2) t h a t  
(SO t h a t  t he  inde f in i t e  i n t e g r a l  remains bounded). The boundary condition 
u0(0) = 0 requi res  t h a t  v asiume only odd values,  because t h e  even Legendre 
polynomials a r e  nonzero at r = 0 .  Final ly,  t h e  constant C1 must be chosen 
s o  t h a t  the  order 1 so lu t ion  is not repeated i n  the  higher order solut ions,  
thus avoiding secular  terms. Therefore, Cl = 1 f o r  i = 0 and Cl = 0 f o r  
i # 0 The complete so lu t ions  f o r  a l l  orders  of t he  outer  expansion are  
correspondingly 
~2 = n(2n - 1) , o: as yet undetermined 
0 
where n is the number of the desired mode, and the w: are the yet undetermined 
frequency expansion coefficients . 1 
Specific expressio~s. The first order approximation for the natural fre- 
quencies and modes of a low stiffness h e m  are given from Eq. (8) as 
mode I w 2  
0 I Uo 
The higher order corrections to u(u1, 
tions of Eq. (8) using the properties 
Table 11. For example, for the first 
u2, . . .) come from repeated applica- 
of Legendre polynosials given in 
mode, 
I 
and for the second mode 
In general, the higher order correction terms are combinations of polynomials 
and logarithms with wf as unknown coefficients; but they do not satisfy the 
boundary conditions, 
In order t o  define the  behavior of w 2  (and consequently of u),  these 
outer  solut ions must be matched with inner  so lu t ions  which themselves 
s a t i s f y  t h e  boundary conditions. This matching process w i l l  determine t h e  
behavior of u near r = 0 and r = 1, and i t  w i l l  a l s o  uniquely determine the 
unknown frequency terms wf. I t  should be noted t h a t  t he  nanenclature "outer" 
and "innerw is mathematical ra ther  than physical. The "outer" solut ion is  
f o r  t h e  beam region away from t h e  root and t i p .  The root and t i p  regions 
each have a d i s t i n c t i v e  "inner" solution. 
Inner Expens ion 
Expansion near root. The yet  unfu l f i l l ed  boundary conditions a t  t h e  
beam root  a r e  u(0) = 0, u t  (0) 0. From an ordering anal is ,  t he  region 77 2 i n  which these conditions are dominant must be of  order q . To determine 
the behavior of the  so lu t ion  i n  t h i s  inner  region (designated a s  t o  
d is t inguish  it  from the  outer  solut ion) ,  Eq. ( l a )  must be rewr i t ten  i n  terms 
of an inner  var iab le  = r / ~ l / ~ .  
dlu' 
- 2 - +  (1 -  n F ) - -  - dii d2ii Z n r - - +  Z,,uZii= 0 
d P  63: d F  
(101 
Expanding i n  powers of q 1 l 2 ,  
subs t i tu t ing  i n t o  Eq. ( lo) ,  and co l lec t ing  l i k e  
f o r  t he  ui become 
. . 
powers of n, the  equations 
m e  f i r s t  two expansion variables  GI and c2 can be quickly found from 
Eq. (11). 
The boundary conditions z (0)  = Gt (0) 0 and remaining f i n i t e  i n  the  f a r  
f i e l d  immediately deternine a l l  but one of t he  constants f o r  each variable .  
Thus, t he  unknown constants t o  be determined a r e  t h e  bi i n  the  inner  expan- 
s ion and the  wf i n  the outer  expansion. These u s t  be chosen s o  t h a t  the  
slopes and displacauents of the inner and outer  so lu t ions  match. 
Expansion near t i p .  In addi t ion t o  t he  geometric boundary conditions 
a t  the  bean root ,  there  a r e  two natural  boundary conditions a t  the  beam t i p ,  
u m ( l )  = ~ " ' ( 1 )  - 0, which must be s a t i s f i e d .  An ordering analysis  evcals  
1 7 3  t h a t  the  region i n  whic!! these conditions a r e  dominant is of order n . 
Rewriting Eq. ( l a )  i n  terms of  an inner var iab le  P = (1 - r)/n1I3 (and 
designating the so lu t ion  as Q )  yie lds  
The v r i r b l e  0 wt be expanded i n  parers  of n'I6 because of t h e  combination 
of  0173 with the  0112 o2 expansion. 
Subs t i tu t ing  the  above i n t o  Eq. (13). co l lec t ing  l i k e  powers of Q ,  and taking 
the  f i r s t  i n t eg ra l  of t he  equations y ie lds  
The boundary condition 
implies tha t  the  constants of in tegra t ion  u must vanish f o r  a l l  orders of c .  i 
The general homogeneous solut ion t o  Eq. (14) can now be expressed i n  
terms of Airy's functions,  
O..  = bi [$ -[ A i  d(1 : c i  B i  d i  + di 
The constants c i  must be zero so tha t  O i  remains f r n i t z  i n  the  outer  f i e l d ,  
and the  constants b i  must be chosen so tha t  the boundary condition 
is f u l f i l l e d .  The only ava i lab le  coe f f i c i en t s  f o r  matching with the  outer  
solut ions arc simply the  addi t ive  constants di. Therefore, only the t i p  
disjllacemcnt f o r  u can be mntched, rurd der iva t ives  of u m 1st match automati- 
ca l ly  fram appl icat ion of Eq,  (14). 
Matched Expansion 
Mstchiw near root .  The matching condition near the  b c m  root can he 
formally expressed as  
In other  words, i f  t h e  outer  expansion u is wr i t ten  terms of t he  inner  
var iable  F, t he  expansions u and u must match term f o r  term t o  each order of 
q. Now u ( 3 c a n  be expressed f o r  small r a s  
u(% n112[u1 (0) + UA(O)F~  + I I [U~(O)  + u i  ( o ) F ~  + . . 
Comparing t h i s  with Eq. (12),  a s  becomes large,  provides the matching 
r e l a t ions  
= u'  (0) bi i -1  (matching : lopes) 
ui (0) = - 6 bi (matching displacements) 
Using the r e l a t i ons  i n  Table I1 and Appendix A f o r  u(0) and u t  (O) ,  t he  
unknown constants bl ,  w:, and b2 can be found f o r  t h e  nth mode. 
b l  = uA(0) = ( - I ) ~ - '  (2n)! 
(n-I)! (n)! 2 2n- 1 
The inner solut ion,  wr i t ten  i n  t e n s  of the  outer  var iable  r, then becomes 
Since u has been determined fo r  t he  f i r s t  mode, w t  f o r  n = 1 may now a lso  
be founa. 
Matching the  roo t  solut ions has therefore  given t h e  f i r s t  mode and frequency 
t o  order  n and higher modes and frequencies r o  order n 1 / 2 .  
y t ? i n . n e a r  t i p .  The matching conditions near tho root  have spec i f ied  
2 9 an u2- e next s tep  i s  t o  match the  t i p  expansion t o  t he  outer  expan- 
s ion and thus determine t h e  e f f e c t  of  t i p  boundary conditions on the  frequency. 
Writing u i n  terms of t' yie lds  f o r  small ? 
Repeated appl icat ions of Eq. (14) y i e ld  
+ i n t eg ra l  t e rns  
There so lu t ions  automatically match the  higher powers of n, for  sxmple  

t h a t  below UNR o 0.15 the  n = 10 Calerkin r e s u l t s  break down. The f i gu re  a l s o  
revea ls  t h a t  t he  O(n)  expansion is within 10% of  t he  ac tua l  value even up t o  
WNR - 0.45. I t  may be concluded tha t  f o r  the  f i r s t  mode the  expansions show 
good convergence. In Fig. 3, a comparison of Calcrkin and expansion mode 
shapes i s  given. For ~ N R  = 0, t h e  Colerkin r e s u l t s  na tu ra l l y  f o i l  t o  pred ic t  
t h e  ac tua l  s t r a i g h t  l i n e  mode shape. For WNR = 0.35, i n  which t h e  Calerkin 
r e s u l t s  can be assumed t o  be near ly  exact ,  )he asymptotic expansion gives  
an exce l len t  approximation even t o  order  I I ~  . Therefore, t h e  f irst  mode 
shape a l s o  shows good convergence, 
Two valuable pieces of information r e s u l t  from t t i s  asymptotic expan- 
sion. F i r s t  of a l l ,  Eq. (15) gives t h e  behavior of w -  and u f o r  small n .  
This is  necessary information f o r  obtaining a simple frequency expression 
va l id  a t  a l l  n. Second, t he  form of t h e  inner  expansion can be used t o  
es t imate  t h e  required number of orthogonal functions needed f o r  convergence 
of  t h e  eigenvalue determinant. Since t h e  expansion ind ica tes  an 
e x  ) , i t  follows tha t  
v'&l/2 
f o r  convergence. Since BN = n(N - 1/2), a simple expression f o r  t h e  required 
number o f  modal functions can be obtained. 
Figure 1 confirms the  v a l i d i t y  of t h i s  formula. 
EMPIRICAL COMPOSITE EXPRESSIONS FOR BENDING 
Two s t eps   no^ remain i n  determining a simple frequency expression f o r  
flapping. F i r s t ,  the  behavior of w 2  f o r  large rl must bc found. The method 
used here  i s  t o  expand the  eigenvalue determinant i n  powers of 0 .  Second, 
a search must b e  made f o r  a simple empirical function which can model both 
the  low n and high II cha rac t e r i s t i c s .  
Large S t i f f n e s s  Expansion 
Eigenvalue determiriarlt. The determinant of  Eq. (3) i s  character ized 
by t he  f a c t  t h a t , f o r  large 11 ,  it i s  dominated by i t s  diagonal elements 
In t h i s  case,  the  eigenvalues of  D (A) may be wr i t ten  a s  
The eigenvalue determinant, therefore,  can be rewr i t ten  i n  terms of 6An 
where 
Expandint t h e  determinant, kt , ing only the  highest  power of b.. ( i  = j )  i n  
e3t.h tern.,  gives I J  
i f n  i#n j #n 
j lri 
Bat b A  is of t he  order  of t h e  o f f  diagonal terms, so t h a t  t e  f i r s t  order 
only the  l a s t  two t -  m s  i n  Eq. (16) need be retained.  Discarding t h e  higher 
order t e r m  and using bij = D j i  g ives  
The eigenvalue, therk,C~re,  is given as  a summation of combinations of t he  
elements of D. 
Ex ansion t o r  f l a  i n  . When t h e  4 i  a r e  taken t o  be nonrotating modes, 
the  frequency -+expansion o r  flapping becomes 
There a r e  two types of t runcat ions associated with Eq. (18). The f i r s t  
type of t runcat ion,  from Eq. (16), i s  of order  l e s s  than ( 1 / ~ ) ~ .  The 
second type is the  t runcat ion of t he  summation i n  Eq. (18). For example, 
t he  frequencies f o r  n = 1,2 from Eq. (18) a r e  
Truncating the  s e r i e s  is s imi la r  t o  t runcat ing the  number of orthogonal func- 
t ions .  The t runcat ion e r r o r  w i l l  c l ea r ly  be much smaller than 1 / q ,  as  it  is  
bounded a t  a f ixed percentage as  n goes t o  zero. The formulas i n  E q .  (19) 
a r e  compared, i n  Fig. (4) and Fig. (S), with the  exact eigenvalues of D f o r  
several  t runcat ion values N. The r e s u l t s  ind ica te  t h a t  E q .  (19) i s  a good 
approximation f o r  the  eigenvalues of D even down t o  very small n .  
Similarly,  approximate eigenvectors can be determined by 
from which it immediately follows t h a t  f o r  flapping 
Eq. (20) a l so  agrees r a the r  well with t he  Galerkin r e s u l t s .  For example, 
comparing the  expansion modes from Eq.  (20) 
with the  Galerkin modes f o r  n = 0 
it is c l e a r  t h a t  the  modal expansion converges very rapidly.  Therefore, 
Eq. (18) and Eq. (20) a r e  seen t o  be excel lent  approximations t o  w2 and 
ai j f o r  moderate t o  large 0. 
Approximate Frequencies 
Choice of function. Now t h a t  t h e  behavior of w2 is known f o r  small and 
large values of n ,  it remains t o  f i nd  a function which w i l l  be va l id  a t  a l l  
values of n. When the  order of the  i n f i n i t e  s e r i e s  i n  Eq. (18) is estimate 9 by using an in t eg ra l  r a t h e r  than a summation, products of  n 1 l 2  and tan- '(nl 2, 
a r e  introduced. These possess po ten t i a l  f o r  use i n  a composite function f o r  
w2. Of pa r t i cu l a r  i n t e r e s t  i s  the  combination 
This function has the advantage of possessing an expansion i n  n l / ~  f o r  small 
n and an expansion i n  r~ f o r  large q. The next s tep ,  t he re i a re ,  is t o  deter-  
mine i f  Eq. (22) can be made t o  approximate the  behavior of w2.  
Choice of  constants.  For small ri. Eq. (22) can be expanded a s  
To f i t  the f i r s t  two terms t o  t he  small n asymptotic expansion, Eq. (IS),  
requires  
For large n, Eq. (22) can be expanded a s  
cd3 1 d = b r l +  ( a +  cd) - -  - + .  . . 3 n (23b) 
To f i t  the  f i r s t  two terms t o  the  la rge  n eigenvalue expansion, b and d 
must s a t i s f y  
In terms of %R q 1 i 2  Eq. (22) then becomes 
'n 
u2 = n(2n - 1) + $R + faNR tan 
Thus, Eq. (24) represents an approximation valid for all frequencies. The 
terms in this approximation are simply UNR (the nonrotating frequency), 
n(2n - 1) (the small n centrifu a1 stiffness), hn (the large rl centrifugal 
stiffness, and f (the order g l/q frequency correction) . The equation applies 
equally to lead-lag with w2FLAp replaced by wZLWDaLAG + 1. 
Evaluation of results. Eq. (24) is a simple empirical expression rep- 
resenting w2 and is compared with Galerkints results (for n = 1, 2) in 
Fig. (6) and Fig. (7). It is clearly seen that Eq. (24) is a good fit to 
w2 at all n values. This closeness of fit may also be viewed quantitatively 
by comparing the third tens in Eq. (23a) and Eq. (23b) with the corrts-;pond- 
ing terms in the asymptotic and eigenvalue expansions. For example, the 
order n term, for small values of q and n = 1, is found to be 
b - c/d = 12.36 - 9.44 = 2.92 (composite) 
7 - 6 Ln(2) = 2.84 (asymptotic) 
Similarly, the order 1/71 term for large values of n is found to be 
- cd3/3 = -.0013 (composite) 
(eigenvalue) 
Eq. (24) is therefore an excellent fit to the exact frequency behavior. 
Approximate Modes 
Observations. The 
mination of approximate 
the low stiffness first 
final step in solving the flap equation is a deter- 
expressions for the mode shapes u (r) . In Fig. 3, 
mode (to order q1i2) and the high stiffness first 
mode (to order 1/q) are seen to be virtually identical. Similarly, Fig. 8 
provides a comparison of the second mode. Except near the blade root, the 
high stiffness expansion (to order 1/n) is very good even for q = 0. 
Furthermore, the mode experiences only minor changes as n is increased. 
Because of the n range where the two modes are in close proximity, it is 
possible to form approximate modes as linear combinations of the two expan- 
sions. 
Normalization. Before combining the small and large q expressions, it 
is necessary to normalize the modes such that 
In Eq. (20) and Eq. (21), t he  high s t i f f n e s s  modes a r e  seen t o  be completely 
dominated by the  nth nonrotating mode (which is i t s e l f  normalized) so t h a t  
no normalization procedure is  necessary. The small s t i f f n e s s  modes, however, 
a r e  not normalized so t h a t  some addi t iona l  work i s  required. 
For a l l  but the  first mode, only the  f i r s t  order mode shape P2n-l w i  11 
be used. Table I1 provides the  r e l a t i on  f o r  normalizing these modes. 
(The negative s ign  is added t o  give the  small s t i f f n e s s  modes the same sign 
a s  the  nonr t a t i n g  modes.) For t he  first mode, t he  expansion w i l l  be taken 
t o  order The normalized version of t h i s  mode, neglec* .... higher order  
terms, can be calculated t o  be 
Eq. (20), Eq.  (ZSa), and Eq. (25b) a r e  the  normalized modes which w i l l  be 
combined t o  form the  composite modes. 
Modal composition. When two normalized modes a r e  nearly t he  same, having 
two s imi l a r  frequencies,  the  formation of a t h i r d  normalized mode having some 
intermediate frequency can be accomplished by a simple l i n e a r  composition. 
Designating w (us) L the smaller frequency (with i ts  mode) and w (uL) as the 
la rger  freque#cy (and i t s  mode), the desired mode u having frequekcy w i s  
reasonably chosen a s  
As w approaches e i t h e r  frequency, the mode corresponding t o  t h a t  frequency 
dominates. 
In the  context of t h i s  paper, us is  taken t o  be the mode of Eq.  (25), 
and w is  taken t o  be the  asymptotic expansion frequency. S 
Similarly q, and UL are taken from Eq. (18) and Eq. (20). The choice of to2 
as given by Eq. (24) insures that w i  u2 4 ot, making the linear composition 
of Eq. (26) a smooth transition from Legendre polynomial ( 0  m 0) to nonrota- 
tins mode (I, = -). It should be pointed out that by replacing u2FUp with 
w 2 L ~ - L A ~  + 1, these modes also apply to the lead-lag case (see Eq. ( 1 ) ) .  
ANALYTIC SOLUTION FOR TORSION 
Now that the flapping and lead-lag solutions are in hand, the solution 
of the torsion equation remains. The torsiun equation from Eq. (Ic) is 
The first term, the torsional rigidity term, is only of second order dis- 
tinguishing this equation from the fourth order bending equations. rile 
second term is the rigidity from centrifugal tension, and the -1 is the 
so-called "tennis racket" term resulting from gyroscopic forces in the 
rotating reference frame. Although the torsional frequency (md the stiff- 
nes5 y) are often large onough that effects of rotation can be neglected, 
the lowcr limit of practical frequencies does include significant departures 
from the nonrotating case. The task ut hand is to develop simple frequency 
and mode shape approximations which will: I.) be valid for all values of 
torsional stiffness y, and 2 . )  thereby determine the range of I. ilnd w for 
which rotational effects may be neglected. 
Closed Form Modes 
Limiting cases. Before prececding to the direct solution of the torsion 
equation, it is interesting to study its behavior in the limits of 1 = O ond 
y = When ) is identically equal to zero, the solutions to the torsion 
equation ore Legcndrc polynomials. 
The lowcr limit, therefore, for the torsional frequency of uniform rotating 
beams is VT In the limit as y becomes very large. the torsion solutions 
become the nonrotating modes and frequencies given in Tnble 11. 
These nonrotating modes. un l ike  the  y 0 n~odes, f u l f i l l  the  boundary condi- 
t i o n  6 (1) = 0. 
Change of var iable .  In  cont ras t  t o  t h e  flapping and lead-lag e q t u t i ~ n s ~  
the  t o r s ion  equation a h i t s  a closed form so lu t ion  for  t h e  mode shapes. By 
a simple change of independent var iab le  
t h e  t o r s ion  equation and i ts  boundary conditions can be brought i n t o  t h e  f o r .  
The to r s ion  equation has. therefore ,  been transformed i n t o  Legendre's equa- 
l t ion .  The beam t i p ,  however, is a t  x = - r a the r  than x = 1,  The gen- 
e r a l  so lu t ion  t o  Eq. (27a) is, from Eq. (7). 
From t h e  proper t ies  of Legendre funct ions,  t h e  boundary condition 
0 (0) = 0 implies t h a t  
a/b 7 t a n  
" (3 
yie ld ing  a series representat ion f o r  0 .  
d 8 The remaining boundary condition, 1 )  = 0 is  f u l f i l l e d  only f o r  
c e r t a i n  d i s c r e t e  values of v.  These eigenvalues f o r  v then imply t he  f r c -  
quencies and modes through Eq. (28b) and Eq. (29). 
%a modes of Eq. (29) a r e  va l id  f o r  a l l  values of y ,  recovering both 
l imit ing cases (y a 0, -). When y = 0, Eq. (27a) becomes s ingular  and the  
6' boundary condition is relaxed, The s e r i e s  expansion of Eq. (29), howcver, 
diverges unless v takes on one of the  eigenvalues 
This r e s u l t s  i n  a truncatiolr of Eq, (29) y ie ld ing  the  Legandre polynomials. 
For la rge  values of v ,  Eq, (29) reduces t o  
The boundary condition 6 ' (1) r 0 then imp 1 i e s  
recovering the  nonrotat ing solution. 
Approximate Frequencies 
Small Y expansion, Eq. (28) and Eq. (29) now describe the tors ion  mode 
i n  closed form, but tKe solut ion of a transcendental equation 
is  required t o  determine the  na tura l  frequencies and undefined constants of 
the modes. In  order  t o  obtain a simple frequency expression, t h i s  transcen- 
dental  equation needs t o  be approximated in  closed form. To hegin, the 
behavior of Eq. (?7b) is  s tudied f o r  small values of y .  
In the l i m i t  of small v ,  the  boudary  condition of Eq. ( 2 % )  must be 
s a t i s f i e d  f o r  x very nearly 1. 
Correspondingly, v i s  expected t o  be very near t o  one of i t s  odd integer  
values 
The t i p  boundary condition, therefore,  may be wr i t ten  t o  f i r s t  order i n  1 ,  
using Eq. (28) and Eq. (SO) ,  as 
Using the  proper t ies  of Legendre funct ions,  t h i s  boundary condi t ion becomes 
Thus, t he  behavior o f  v and w 2  f o r  small y is  found as an expansion i n  powers 
of y and yany. 
Empirical frequency expression. The behavior of w 2  fo r  l a rge  y can be 
found by applying Eq. (17) t o  t h e  to rs iona l  determinant, and using Table I 
f o r  determining Ai j .  
As before t he  summation converges rap id ly  giving a very accurate  approxime- 
t i o n  f o r  w2.  The form of t h e  asymptotic expansion and o f  t he  eigenvalue 
expansion provide motivation f o r  attempting t o  fit t h e  frequency behavior 
with a funct ion of  t h e  form 
For small y,  t h i s  formula reduces t o  
The constants a,  b, and c can be immediately determined by comparing with 
Eq. (31).  
a = 1 + n(2n - 1) 
b = n(2n - 1)(4n - 1) 
c = n2(2n - 1 ) ~ [ 4 n  - 1)/2 
For large y ,  Eq. (33) becomes 
From Eq. (32), t h i s  gives the  values of e and d 
6n2 (2n - 1) (4n - 1) 
The f i n a l  formula f o r  torsion is therefore, 
w2 1 + n(2n - 1) + n(2n - 1) (4n 
1 
+ 7 n2 (2n - 1 ) ~ ( 4 n  - 1)y2kn 
To c q l e t e  the solution, the mode shape is then given by Eq. (29) with 
Pract ical  Considerations 
Comparison of methods. A comparison of  the  various frequency approxi- 
mations reveals three fac ts .  First, the Galerkin expression, Eq. (32), with 
only one mode gives frequencies t o  within 5% f o r  y as low as 0.8 ( f i r s t  
tors ion frequency 2.0) f o r  n = 1, 2. Second, t he  frequency expansion, 
Eq. (31), gives frequencies t o  within 55 f o r  Y as  high a s  0.8  f o r  n = 1,2. 
And th i rd ,  a frequency expression neglecting t h e  [(l - r 2 ) ~ t ] t  term 
w i l l  introduce e r ro r s  of the  order of 15% a t  y .8. The impact of these 
three  observations is  double-edged. On the  one hand, the  low y expansion 
( in  terms of logarithms) i s  seen t o  be an excel lent  approximation even as  
y approaches unity.  On the  o ~ h e r  hand, it appears t h a t  f o r  y i n  t he  prac- 
t i c a l  range of i n t e r e s t  t he  Galerkin solut ion is per fec t ly  adequate s o  t h a t  
the low y expansion is  ac tua l ly  not required. This should not ,  however, be 
construed t o  imply tha ,  the  e f f ec t s  of ro t a t ion  a r e  small. The importance 
1 
of the  tension term $( l  - r 2  reveals  t h a t  ro t a t ion  is  important, but 
may be accounted f o r  by a s ing le  function Galerkin analysis .  Similarly,  
Fig. (9) shows t h a t  f o r  Y > 0.8 the  modes have a l s o  converged t o  t he  nonrota- 
t i n g  modes so tha t  t he  mode shape, Eq, (29) is a l so  not necessary. 
S e c i a l  cases. There may be, however, spec ia l  cases f o r  which Eq. (29) 
and 6-ecersary. That is, i n  Eq. ( l c )  the  a rea  and mass r a d i i  of 
gyration (kA,kM) were assumed equal. In t he  event tha t  they a r e  unequal, 
t h e  tension term i n  Eq. ( l c )  must be multiplied by ki/ki.  Therefore, t he  
region of v a l i d i t y  of Eq. (32) w i l l  become 
2 2 ra ther  than w > 2. For example, if k ~ / k ~  = 2, then the  region of v a l i d i t y  of 
Eq. (32) is  reduced t o  w > 3.6. I t  follows t h a t  for  beams with c e r t a i n  types 
of cross-sections,  Eq. (29) and Eq. (35) may be required i f  
CONCLUSIONS 
By combining a low s t i f fnes s  expansion and a high s t i f f? . less  expansion, 
a simple empirical closed form expression has been obtained f o r  t h e  flapping 
and lead-lag bending frequencies of ro ta t ing  uniform beams. 
where 
'o&, = 1 + u2 P LEAD- LAG 
n(2n - 1) + uiR + f%R t a n  
ORIGINAL PAGE 1: 
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n m mode number 
- nonrotating frequenc; 
Ann = Galerkin integral  (Table I) 
o r  lead- lag) 
'n 
= Galerkin constant (Table I)  . 
This fonnula is uniformly va l id  fo r  a l l  values of WNR from zero t o  in f in i ty .  
A similar  expression has been obtained fo r  torsion, although f o r  most prac- 
t i c a l  exanrples the  frequencies a re  adequately estimated by the Galerkin for- 
mula 
These frequency expressions, along with the  modal equations which have 
been developed, provide a prac t ica l  a l te rnat ive  t o  energy methods fo r  natural  
frequency determination. They provide assured convergence throughout the  f r e -  
quency range, require only minimal numerical calculat ions,  and allow rapid 
determination of the mode shapes and beam propert ies  for  any desired ro ta t ing  
frequencies. 
APPEND IX 
BEHAVIOR OF ul NEAR BEAM ROOT 
From Eq.  (8), the fonnula for  u1 (of the nth mode) can be written as 
From Table 11, P2n-1 can be expressed for small r a s  
where 
Therefore, near the root sect ion u, behaves as 
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TABLE I. 
2 112 A. FLAPPING AND LEAD-LAG L ~ N R  = ijn '7 
I 1 2 3 4 an 'n jn  on I 
3, = C O S ~  ( r i  r )  - cos (1; r )  - (in 1 sinh (,i r )  - sin (kj r) 1 
n n n n 
(NONROTATING MODE) 
(211-1);i 112 B. TORSION C J ~ ~  = -2 
(2n- 1 )n  
= J 2 sin I -- 2 r 1  
(NONROTATING MODE) 
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